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WE LOOK at the KO characteristic classes pli = xlr + c a:& vanishing on all EF(t2”), and 
Odlo(<k 
their sum 1 pk, which is a multiplicative characteristic class. We interpret a; as coefficients 
k>O 
of elliptic modular forms and show, in particular, that all coefficients u”, are integers. 
According to Landweber and Stong [Z] and Ochanine [3], the genus pt = 1 pktk is given 
kt0 
by an elliptic integral of the first kind, odd and normalized to have the leading term x. 
Looking at the generating function of the multiplicative characteristic class pr, we obtain a 
power series_&) determining pt (according to the splitting principle): 
f,(Y) = 1 + yf + k;2 pk(y)tk, (1) 
k-l 
where P,(y)= C afi,yi&[y] is a polynomial of degree less than k in y for k 2 2. Various 
i=l 
normalizations of numbers ufi, are possible if one makes transformations in t near the origin: 
r+t’=t+ c hktk. The natural normalization, which we call the normalization of the first 
k22 
kind, corresponds to the change of variables t’ = t + 1 uk 
k>2 'I' 
tk of [ I]. With the normalization 
of the first kind we have uf,) = 0 for k 2 2. 
According to Landweber and Stong ([2], Section 6, (36)), we have 
X ,0=sinT;:Zx,2).(;(ex+e-‘-2), (2) 
where 
is a normalized elliptic 
which are power series 
6dX) 
~SJ dz x= 0 1 - 26.72 + &Z4 
integral of the first kind with parameters 
8=8(t) and E=&(C) 
from Z[[t]]. 
(3) 
(4) 
It is necessary to identify the power seriesf;(y) on the right-hand side of (2), which would 
make it compatible with the expansion (1). The form (1) of the expansion off;(y) constrains the 
structure of s(t) and e(t) and, in fact, after the normalization of the first kind determines them, 
and hence the coefficients ufi, in (l), uniquely. We want to identify the seriesS,(y) and its 
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coefficients with the well-known modular forms and thus to establish the integrality of 
coefficients in (1). 
We find it convenient to use the Jacobi notations, (see [S], Chaps. 21 and 22). In these 
notations the series 4,(x) is expressed in terms of Jacobi’s sn-function 
, 
where parameters a and k2 are related to c‘ and 6 as follows: 
a26 =$( 1 + k’), 
(6) 
a4c = k2. 
From the representation of sn as a quotient of &functions ([5],22.1): 
sn(u,kZ)=9,(0)’ s,(“/s:(o)) 
s,(O). 94(ui95(0)) 
one deduces the representation of the function sn as an infinite product. We need further 
notations for this. We choose K and iK’ as standard quarter periods of Jacobi functions and 
Put 
q=exp 
The standard Jacobi product formula ([IS], 22.5) for sn is: 
sn(ulk2)=2q1’4k-“2 sin 
Now we come to the main identity that determines the necessary and sufficient conditions 
for (2) to be satisfied. 
Let us look at the main equation (2), with identification (5) taken into account: 
asn~~,k2)=2sin~(;)“(eX+e-X-2)~ 
(9) 
On the left- and right-hand sides of (9) we have functions periodic in .x. Thus, their period 
should be the same. Looking at the half-period shift x +2rri + x in (9), one realizes that the 
sign on the left- and right-hand sides of (9) changes. Remembering that periods of sn are 
4mK + 2niK’. we deduce from (9) that there are two integers m and n such that 
2ni 
We have to show that in the fundamental relation 
27% 
-=2K+4mK+ZniK’ 
a 
(10) 
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in the case where 6 and E are from the ring S[ [t]], one can always choose n = 0 and m = 0. 
First of all, let us explore the automorphic haracter of 6 and E in (6). Jacobi’s elliptic functions 
and the modular function i. = kZ are modular functions of r = iz in the upper half-plane H 
that have level two. This means that these functions are invariant under transformations 
from the- group r(2), which is a subgroup of X.,(Z), consisting of matrices 
(,” i) such that A and D are odd and B and C are even rational integers. For the description of 
r(2), its fundamental domain and the mapping of the fundamental domain Fz of r(2) on the 
whole upper half-plane H, see [l], [4] (particularly Section 14.6.3 and the Tables in 
13.22 [I]). 
Let us denote, for given n and m in (lo), by 6,,, and E,,, those 6 and E in (6) that correspond 
to the choice of a in (10). Then 6,,, and E,,,, are two functions of T in H. To see their behaviour 
under the action of r(2), we take an arbitrary matrix D from r(2), whose action on H is the 
following: 
CT+D 
i=--, 
AT+B 
and, correspondingly, 
K( = K(7)) = AK + BiK’ 
K’( = K’(T)) = CK + DiK’. 
Then we obtain, according to (6) and (10): 
&&A = &I,“(7)) = 6 ~((l+2m~A+nC-ll.~l+Zm)B+nD~ 
GJ = %,“(a = E t((l+2m)A+nC-l).(l+Zm)B+nD. 
There exists one more transformation 0 from X,(F) (not from r(2)). under which 6 and E 
are invariant. It is given by a=(; :) (C in notations of 13.22 Cl]). Then we have 
?= 5, 6= l/k, I? = k(K + iK’), iK’= kiK’. 
It follows from (6) and (10) that 
8m.n=6~.,+ 1 2mr 
6n.n=hn.n+1+2m~ 
Now, when we study the effect of the action of r(2) on H, we can restrict ourselves to r in the 
fundamental domain F, of r(2). It is at this point that we invoke the assumptions on E and S, 
and the assumptions on the initial terms of the expansion off,(y) 
Let us now considerf,(y) with the normalization of the first kind, i.e. let us consider the 
transformation t--*t’= t + c a:,,tk. With this normalization, the polynomials pk(y) in (1) have 
the form 
k-‘2 
k-l 
P,(Y) = ig2 &)yi 
for k22, i.e. at,,=0 for kz2. Thus with the normalization of the first kind, 
.1;(y) = I +yt+y2(a~2,t3+ . . . )+ . +_l” ,y a$rk+ 
k>i+l 
This normalization of the first kind is sufficient to determine the leading terms in the 
expansions of e and 6 in powers oft. The first terms in the expansions of E and 6 are presented 
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in [2] and are connected with the evaluation of the characteristic numbers of ST ’ and H,.,. 
In general, one can determine any number of terms in the expansions of E and 6 by either one 
of the following two methods. In the first method, one is expanding 
2 sinh (x/2) 
asn rk2 
(1 1 
2={2Inhc_!i ’ 
x 2 
from (9) in powers of y =ex +ewX- 2 . To obtain this expansion, one 
combines two expansions: the first is the expansion of 1 
‘{asn($‘)j 
in powers of x (see, 
e.g., [l] or [S]), and the second is the expansion of x (and its powers) in powers of y using the 
expansion of 2 sinh- ’ (z/2) = z - ~~124 + 3zs/640 - . . . 
The second method to determine the expansions of E and 6 follows from the differential 
equation (38) of [2]. According to this equation, we have 
i 
+hb)-y~}2 (~+4)=(f,(y))4_26~(fi(y))2+~~2, (11) 
Substituting into equation (11) the expansion (1) off,(y) in the ascending powers of y, and 
comparing the coefficients at the same powers of y on the left- and right-hand sides of the 
differential equation, one can generate expansions of 6 and E in powers of t. If we restrict 
ourselves only to the terms ofthe second order in y in (1 I), then we obtain the following initial 
terms of the expansion: 
6E -&+3t, 
& = -t + 7r2 + O(t3). (12) 
With a little help of the calculator, E can be expanded further: 
E= --t +7t2- lot’-30t4-20t5 +290t6+ 1360t’ 
+510t*-21 500t9-94320t’0+28680t’1 
+1960990r12+ . . . . 
although we do not need these higher terms for our purposes. 
Let us now express i. = k2 and a from (10) in terms of 6 and E. We recall that ‘s lies in the 
fundamental domain F,. To obtain expressions for i, we need to solve a quadratic equation, 
4d2 
i.2+yi.+ 1=0 for 7=2---. 
& 
Thus, 
i. f = ( ,--*I , -v!; + : “-4j,‘2. (13) 
From the leading term in the expansion of E we can see that &+0(l) 
! 
Thus. we obtain the following leading term in the expansion of i- in powers of t: 
i._ = -&+0(l). 
Thus. i., has the following expansion in powers of t: 
2, = - 16t + 0(t2). 
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Apparently, i. + and i._ are interchangeable if one takes into account the transformation 0 
introduced above: 
j.?(=j.-(r’))=i+, 
j.“,(=i.+(Y))=;._. 
Here, i. + i. _ = 1. Thus, we can choose as kZ = k2(r) the function i. + which is regular at f = 0. 
The point t = 0 consequently corresponds to T = iac; in F, with the obvious identification of 
leading terms: 
k2(r)= 16q+ , q=enir, 
i.e. (14) 
q = - f + O( t2). 
Finally, we can identify a from (6). Because a’6=%1 + k’), we get 
1 26 
a2=1+E.,. 
(15) 
Consequently l/a2 is regular at t = 0 and can be represented by a power series in t from 
3d[[t]]. Since k2 =i.+ = - 16t+O(t2) is also a power series from Z[[t]]. l/a2 is regular 
at k2=0 and is represented by power series from _‘_[[k2]]. However, the fundamental 
formula (10) shows that l/a is a period of Jacobi elliptic functions: 
Thus, l/a satisfies the Legendre linear differential equation in i. = k2: 
(16) 
(17) 
The space of solutions of (17) regular at k2 = i. = 0 has the dimension one and is generated by 
K =i2FL(i, f; 1; k’), see [l], [5]. Thus, we can identify l/a as 
l/a=cK (18) 
for a constant c, c =(1+2m)/~i. From (15) we can easily determine the leading term in the 
expansion of l/a2 in powers of k2: 
1 
2= -;+O(k2), 
and K2=:+O(k2). Thus c2=1 or m=O, -1. 
Consequently. from (18) we can deduce that in the fundamental relation (10) one always 
has n =O, and one has m =0 or m= - 1, whenever 6 and E are power series in t, with the 
normalization (1) of,&(y). We have to dispose of the case n = 0 and m = - 1. In the case m = - 1 
we have 
ni 
=-K, 
a 
and since sn (.ulk2) is an odd function, the expressions of 
1 
(I > 
, a’, 6 and E do not change 
asn 5 k2 
a 
TOP 27:2-D 
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when one changes a to -a, i.e. one changes y = - K to ‘I’= K. This shows that we can always 
a a 
choose in (10) n = 0 and m = 0. 
Thus, we arrive at the relationship 
%K. 
a 
(19) 
This transcendental relation is crucial in the determination of E and 6 via r. 
Substituting (8) into (5) we deduce 
1 1 iK -=_- 
9$(x) 2 x q 
-1/4kl/Z 
1-2q2”-1cos(xi)+q4”-2 
l-2q2”cos(xi)+q4” (20) 
Sincesin T =isinh(x/2),cos(ix)=cosh(x),wegetcos(ix)=+y+l 
0 
(=2sinh’(;)+l)for 
y=~sinh(~)~=e’+e-‘Z. 
In these notations we can rewrite the key equation (2) in the form 
JL _Irinh(3 =f(y) -_ 
4,(x) c ) W) f 
or, according to (20), 
(l_q2"-1)2_q2n-ly 
(1 -q2”)2-q2”y =f,(y). 
(24 
(21) 
To represent he left-hand side of (21) in a more symmetric form, we use another Jacobi 
product formula ([5], Chap. 21, Ex. 9): 
(22) 
Combining (21) and (22), we obtain the following representation off;(y): 
m l-Yq l-1 2n-1/u-q2n-1)2 =f(y) 1 - yq2”/( 1 - q2”)2 I f . n=l (23) 
Let us concentrate on the left-hand side of (23). We obtain the two products on the 
left-hand side of (23): 
where 
,2(n,+...+n,)-m 
c!)=(--l)m~.,C.*~ * * C”~~(1_q2”,-l)(;_q2nl-l). . 
. (1-q 2nm- ‘)I” 
(24) 
and 
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where 
Here, in (24) the summation is extended over ordered systems n,, . . . , n, of integers such 
that 
lln,<n,< . . . <n,. 
Let us denote the left-hand side in (23) by $(q, y) so that 
$(4~Y)=I+Yj~lfl,j4’+ f C LjY’q’. 
i=2 jZi+l 
(25) 
According to (24), all coefficientsh,j in (25) are rational integers. We can now identify the 
function rl/(q,y) in (25) from the left-hand side of (23) with the right-hand side of (23). One 
realizes that with this identification t can be a function of q such that 
t= -q+O(q2). (26) 
In particular, the most natural definition of t is, according to (26) t z -4. In this case, the 
desired multiplicative characteristic classS,(y) =f_,(y) is found and is given by the expansion 
$(q, y) in (25). This might be the end of the story, but one might be interested in the 
normalization of t consistent with the discussion in Landweber and Stong [2]. 
We now consider the normalizations. The first normalization is the normalization of the 
first kind considered above that requires a:,,=0 for k22. 
The other normalization, of the second kind, is even stronger, for it requires that ati, = 0, 
ifi> y . [ 1 Only under the normalization of the second kind was the uniqueness of the 
solutionf;(y) in (1) of (2) proved in [2]. As we will see, the normalization of the first kind 
already uniquely determines the solutionf,(y) in (1) of(2), and we show that the normalization 
of the second kind is always satisfied, once the normalization of the first kind is imposed. 
To establish the normalization of the first kind, one has, according to (25), to choose t as 
t= f fl.jd. 
j= 1 
(27) 
Let us show that with this unique expression for t the normalization of the second kind holds. 
To see this, one looks at (24) and realizes that the coefficients in (24) have the following 
order in q: 
ord C”‘2m2 4 m 
and 
ord, C!,l? 2 m(m + 1) 
for rn> 1. This immediately implies that in representation (25) one has 
.h.j=Ov whenever i>2 and j<2i- 1. (28) 
One sees that condition (28) is exactly equivalent to the normalization of the second kind, 
which is henceforth established. 
Expression (27) for t does not reveal its modular structure. One also has to prove that with 
this choice of t the coefficients off,(y) are still integers. 
First of all, with the choice (27) for t we have the coefficients off,(y) as rational integers 
only. This is a consequence of the famous q-principle [4], according to which functions that 
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have integral coefficients in their q-expansion have integral coefficients in their r-expansion. 
In fact, whenever one considers a transformation t’= f t + c c,tk with integral coefficients 
kt2 
ckC, it maps the ring Z[[t]] into itself. This establishes the integrality of the coefficients of the 
multiplicative characteristic lass under any normalization. 
Finally, let us comment on the modular structure oft as defined by (27). For this, we use 
the identity (6) and the fundamental relation (19). As we have shown above, under the 
normalization of the first kind (i.e. with t defined by (27), as above), we have the identity (12). 
Substituting 6 from (6) and a from (19) into the first of the identities (12) we obtain 
or (29) 
1 
t=z{l -e2(o)4-e,(o)4}. 
In particular, one has the expression for t from (27) in the form 
t=& 
{ (.;. l-16 -f q(“+l/2)’ 
To see that the coefficients in the q-expansion off,(y) are integral, one can use alternatively 
still another power series expansion of t (cf. with (24)): 
t= - 2 (2n+ l)q2”+‘/(1 -q2”+1). 
n=O 
Expressions (29) and (24) show that the coefficients off,(y) are modular functions of level 
I 
two with respect o the variable ~=i$ 
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